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Computation Theory/
Computational Complexity

e Goal 1:

— “Computable Function/Problem/Language/Set”

 We have two functions;
1. Functions that are not computable!
2. Functions that are computable.

e Goal 2:

— How can you show “Difficulty of Problem”

* There are intractable problems even if they are
computable!

— because they require too many resources (time/space)!
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3. Machine model & computability

3. Studies on what is a computation.

Turing machine model consists of
e finite control
* infinitely long tape

Finite

with read/write head control
It moves as follows;
1. r/w head reads the letter Leak e .Ei”
1 L ™ infinite tape
2. according to the letter, T H| Taat

1. rewrite the letter
2. move the head to the left or right neighbor

3. change the state of control and go to step 1 until it comes
to “accept” state or “reject” state.
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3. Machine model & computability

3. Studies on what is a computation.

Formal definition of Turing machine:
A Turing machine is a 7-tuple (Q, 2, T, 6, Qo da, q,), where

* Qs the set of states,

e Jis the input alphabet not containing the blank b,
[is the tape alphabet, where bl I'and 21 T,
6:QXT->Q XTI X{L,R}is the transition function,
qoL! Qis the start state,

q,L! Qis the accept state, and

q,L] Qs the reject state, where q,#q, The details can be found
in the textbook.
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3. Machine model & computability

3. Studies on what is a computation.
Formal definition of Turing machine:

A configuration uqv of a Turing machine; .
euld r*vQre GlollaloATala[eleloE -
d q |:| Q ilir:nz1112;:il1ewithconﬁgur‘.\tinn 1011¢701111

A transition of a Turing machine:
* Determined by the function 6:Q X T->Q X T X {L,R}

A computation by a Turing machine:
* |t starts from the start configuration q,
* makes transitions on a given tape string, and
* halts when it reach to g, or q..
* Itacceptsonq, orrejectson q..

The details can be found
in the textbook.
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3. Machine model & computability

3. Studies on what is a computation.

Formal definition of Turing machine:

We denote by L(M) the set of strings accepted by a Turing
machine M.

— A Turing machine M recognizes a language L = L(M)=L.

[Note] In general, a Turing machine does not halt necessarily.
We sometimes consider Turing machines that always halt for
any inputs. We will not distinguish between these models in

this class.
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3. Machine model & computability

3. Studies on what is a computation.

From its formal definitions:
e Q, 2, T, 0, etc. are all finite set
* Each Turing machine M can be represented by an
encoded string <M>.
Simulation of a Turing machine:
Let M1 and M2 be two Turing machines.

If M2 computes the same output for any input <M1,x> as the
output of M1 for the input x, we say M2 simulates M1.

(To simplify, we denote by M2(<M1,x>)=M1(x).)
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3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal
e it can simulate any computation

* it has the same computation power as recent
supercomputers! (if you do not mind the speed)

Finite
control

readfwrite - .gaar
head

a
L infinite tape
Ll | | [T I T T T T 111
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3. Machine model & computability

3. Studies on what is a computation.
Turing showed that Turing machine is universal
E.g. 1.
k letters tape = binary tape;
each letter can be encoded by a binary string.

Finite
control

readfwrite gear
head
L] ]

a4

a
L infinite tape
| | HEEEER
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3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal

E.g. 2.

infinite both sides = infinite just right side;
1. “fold” the tape at the center
2. for the four letters, apply E.g. 1.

Finite
control

3. finite control has a state for

“which tape?” | \gw
v || NS

||||H||‘ﬁ'||||

infinite tape
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3. Machine model & computability

3. Studies on what is a computation.
Turing showed that Turing machine is universal

E.g. 3.
k (binary) tapes = 1 binary tape;
1. “stack” the k tapes onto a tape
2. for the 2¥ letters, apply E.g. 1.

Finite
control

[Exercise]
How can it manage sl \Em

head

each position of tape head? v . infine tape
P P I|||H||ﬁ|||||||




3RV VETIVERTEATREE

3. T5T& &I/
Fa—)oJ(FFa—) 007D AEEEZEEH
{51]3".
kT—7 =W\ BI D+ /A< IEHERE
=EED kEYrDOAVE1—4

Address Darta

0000 0ooo (0101 0101 - ;
00000001 0000 OO0 Lmite contro

oooooo1o 11111111 Program counter: PC
00000011 (11001100
00000100 (11000011

11111110 (00001111
11111111 1111 0000




3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal
E.g. 3.
k tapes = so-called “von Neumann computer”
= k bit computer on your desktop

Address Darta

0000 0ooo (0101 0101 - ;
00000001 0000 OO0 Lmite contro

oooooo1o 11111111 Program counter: PC
00000011 (11001100
00000100 (11000011

11111110 (00001111
11111111 1111 0000
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3. Machine model & computability

3. Studies on what is a computation.
Turing showed that Turing machine is universal
Two crucial ideas;

1. A Turing machine T can be encoded as a (loooong)
binary string that consists of
1. string that represents the finite control

2. string that represents the contents on the tape

2. A universal Turing machine U simulates any Turing
machine T represented in the binary string.

(The machine U is a kind of “simulator”)
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3. Machine model & computability

3. Studies on what is a computation.

Turing showed that Turing machine is universal

In the term of “function” Fu:

input <T x> —

Function Fu

> output y=T(x)

input <T x>: that represents “the code of T’ and “the code x of the input to T’
output T(x): the output of T with its input x

[Theorem] (Turing 1936)
There is a (universal) Turing machine U such that it computes T(x)
for any given Turing machine T and its input x.
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3. Machine model & computability

3. Studies on what is a computation.
Turing showed that Turing machine is universal
In the term of “Turing machine”:

Finite ﬁ/ Description of U
conhtrol

1. <Tx>is encoded and written on the tape at first

: cear 2. T(x) will be written on the tape by U in finite time
read/vwrite "y _ _
head (if T(x) does not halt, so is U.)

L
L I infinite tape
[(TITITIT T T T TTITIT]

input <T x>: that represents “the code of T’ and “the code x of the input to 7’
output T(x): the output of T with its input x
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4. Undecidability and Diagonalization

4. Undecidable problem

The following problem cannot be solved by any
Turing machine:

Problem HALT(Problem of deciding halting)
input:a code <T x> of Turing machine T and an input x
output: T will terminates for the input x?
Yes: if T(x) terminates
No: otherwise.

Precisely, we can show that there is no Turing machine U’ that
computes the halting problem

...Proof is done by “diagonalization”



