1216 Computational Complexity & Discrete Mathematics Report

2010 Term 2-1 (October-November)
Ryuhei Uehara (uehara@jaist.ac. jp)

Propose 000 0O: October, 18 (Mon) 0100 180 00 [
Deadline 00O O: October, 25 (Mon) 11:00am 0100 2500 0 O 11:00am0

Note OO0 00O : Do not forget to handwrite your name, student ID, problems, and answers on your
report. 0000000000000 0ODOOO0O0OO0OO0OOO0OO0ODOOOOOOOONOD

Choose any problems from the following whose total makes up to 12 points, and answer them. If your
score exceeds 10 points, it will be cut off to 10 points. OO0 OO0 12000000000000
00000000000000000 1000000000000D00D00O0DO0O0O0OO0

Problem 1 (3 points): Any given string = in *, we denote by lo(z) and oo(z) the indices of x in
the pseudo-lexicographical ordering with length preferred and the usual lexicographical ordering,
respectively. For example, we have lo(e) = oo(e) = 1010(0) = 00(0) = 20 lo(1) = 30 and
00(00) = 3. We also denote by n < oo when a number n is finite. Now, declare if each of the
followings is true or false. If it is false, show a counterexample. In the followings, = denotes a
string and n denotes a positive integer. 0 X* 00000 0000000 ODOOODOOODOOODO
x000000l(x)D000000000000 2000000 00o(x)000000000000
lo(e) = oo(e) = 10 10(0) = 00(0) =20 lo(1) =30 00(00) =3000000000 nO0DO0O0OO
Ud0n<ococlUoogoobbbooodobbbbooooobbbooooobbboooon
gooobbbbooooobobbobtbzb0000OnDbO0000O0OO0m

Vo 3n | |z| < 0o — lo(z) < n (1)
InVe | 2] < 0o — lo(z) < n ] 2)
V| |z| < oo — oo(z) < 0 (3)
T2 || < 00 — o0o(z) < 0 | (4)

Problem 2 (3 points): Prove that the set of rational numbers is enumerable. 0000000000
ogbooobooooboom

Problem 3 (4 points): In the class, Uehara proved that the set of real numbers is not enumerable. In
his argument, replace all “real numbers” by “rational numbers.” Then, the argument should be
wrong (if the claim in Problem 2 is correct). Find out the wrong point. 000000000000
00000oo0ooo0o00oooooooooo00o00oooooooooooDoooOooooogo
0200000000000 0000DO0O0000O0DOOD000O0DO0O0O0DDODDOO0O0DDObOOOOn
oooooad

Problem 4 (3 points): The set N of natural numbers is enumerable. Now, prove that the set 2%V of
subsets of NV is not enumerable by diagonalization. D000 O0O00 NOOOOOOOOOOONDO
goooooad QNDEIDDDDDDDDDDDDDDDDDDDDDD[ID(Hint: For S ={1,2,3},

we have 2% = {0, {1}, {2}, {3}, {1, 2}, {2,3},{1,3},{1,2,3}}.)



Problem 5 (3 points): We denote by time_A(x1, 2, ..., xx) the time complexity of a program A with
specified inputs x1, 2, . . ., £x. We define the time complexity of the algorithm with inputs of length

at most £ as follows:
time_A(f) = max{time_A(z1,22,...,Tx) | Z || < £}
1<i<k

This definition of the time complexity of length at most ¢ is measured in the worst case man-
ner. Now we suppose that inputs xi,xs,...,xr are given to the algorithm with probability
Pr(xz1,xa,...,x). Define the time complexity of length at most ¢ measured in the average case
manner. You can define new notations if youneed. 000000 AOOQO zy,29,...,2, 0000
00000000 time-A(xy,29,...,2,) 000000000000/ 00000O0COO0OODO

time_A(f) = max{time_A(x1, 22, ..., Tk) | Z || < £}
1<i<k

000000000000000¢00000000000000000000000000000
00 zy,s,...,2, 000000000 Pr(zy,z,,...,2,) 000000000000000000
000¢00000000000000000000000000000000000000000
00 m

Problem 6 (3 points): Determine whether each of the following equations is true or false. If it is true,
prove it. If it is false, disprove it. 0 0 0000000000000 00DODOOOOOODOOO
OO0

1. 100n3 = O(5n? + n)
2. 5n2 4+ 3n = O(n* + 8)

Problem 7 (4 points): Determine if each of the following equations is correct or wrong. If it is correnct,
prove it. If it is wrong, disprove it. You can use I'Hospital’s rule if you need it. OO0 OO0 OO0 OO
0000000 00oDo0o00oooo0Dooo0o00oDoo00ooo0oooooooDoom

1. 3n3 +4n% = O(n® +n)

2. 3n?2 +3n=0(n%+2)

3. n=0(logn)

4. logn = O(n)

5. n8 =0(2")



